Introduction
In the last few decades, Single-Degree-OfFreedom (SDOF) oscillator has been widely used to study the behavior of machines used in pile driving, compacting, rock drilling, impact printing and marine structures [1] [2] [3] [4] .
Dario Aristizabal-Ochoa analyzed the largedeformation-small strain and postbuckling behavior of Timoshenko beam-columns subjected to conservative as well as non-conservative end loads. He investigated the combined effects of shear, axial and bending deformations in a simplified manner. Later, a one-dimensional composite frame element for nonlinear static and cyclic behavior of concrete-filled steel beam columns is formulated by Valipour and Foster [5] .A nonlinear fiber element analysis is presented through the work presented by Liang et al. [6] for predicting the ultimate strengths of thin-walled steel box columns with local buckling behavior.
Apart from the studies mentioned above, many works have been carried out to analyze the nonlinear vibrations, most of which on developing governing equations for Dynamic response of axially loaded Euler-Bernoulli beams [7, 8] , inextensible beams [9, 10] , transportation [11] , cubic-quintic Duffing [12, 13] , mass-spring systems [14] , and more [15] [16] [17] [18] [19] [20] [21] [22] [23] .
In addition, the ability to determine the magnetic fields and the resulting parameters (force, impedance, power losses) is very important in the optimization of electric machines and equipment. Gasiorski in 1986 [24] presented a general method which is based on combination of Bubnov-Galerkin methods by means of finite element method. The presented approach was utilized for calculating impedance of polygonal and symmetrical shape conductors carrying current chosen for simulations.
In the present paper, we obtain an approximate expression for the periodic solutions to two practical cases [25, 26] of nonlinear SODF oscillation systems, namely oscillation of current-carrying wire in a magnetic field and the model of bucking of a column by means of iteration perturbation method (IPM), variational approach (VA), and perturbation expansion method (PEM). These techniques yield a very rapid convergence using an iteration and lead to high accuracy of the solution. The results presented in this paper reveal that these methods are very effective and convenient for conservative nonlinear oscillators.
The models of nonlinear SODF systems
2.1. Case 1: Motion of a current-carrying conductor Fig. 1 shows a pair of current-carrying wireconductors restrained by a wire to a fixed wall by linear elastic springs. Assume x , k, and m as displacement of the wire, stiffness of the springs and mass of wire respectively. The differential equation describing the motion of wire is [25] :
where kx the restoring forces due to is springs and
is the attraction force between the conductors due to magnetic fields produced by the currents. Eq. (1) can be rewritten as a conservative nonlinear oscillatory system with a rational form:
where
, and 2 12 2i i l kb  .
A is also the initial condition for x. Fig. 1 Current-carrying wire in the field of an infinite current-carrying conductor [25] 307
The following four cases should be separately considered: 0
  [25] . Authors are interested in constructing analytical approximate periodic solutions to Eq. (2). Three different approximate as IPM, VA, and PEM are utilized to construct analytical approximations to periodic oscillation of the current-carrying wire for the cases 0   and 0 1 4   . The first-order approximate procedure yields rapid convergence with respect to the "exact" solution obtained by numerical integration. In addition, the results are valid for all permitted oscillation amplitude.
Case 2: Model of a buckling column
In this section we consider the structure exposed to buckling as shown in Fig. 2 . The mass m moves in the horizontal direction only. It is therefore studied the static stability by determining the nature of the singular point at x = 0 of the dynamic equations. The proposed dynamic approach is more convenient and effective to use than the static concept [26] .
Neglecting the weight of all but the mass, show that the governing equation for the motion of m is [26] : 3 13 3 22 0
Where the spring force is given by: Fig. 2 Model for the bulking of a column [26] 3. Solution procedures
Basic idea of IPM
In this paper, we will consider the second-order differential equation:
We introduce the variable y du dt  , and then Eq. (5) can be replaced by equivalent system:
Assume that its initial approximate guess can be expressed as:
where w is the angular frequency of the oscillation. Then we have:
Substituting Eq. (8) and 9 into the Eq. (7), we obtain:
Using Fourier expansion series in the right hand of Eq. 
Integrating Eq. (12), yields:
Comparing Eq. (9) and (13), we obtain:
Basic idea of VA
For explaining the VA procedure, we consider a general nonlinear oscillator in the form of Eq. (5). Its variational principle can be established using the semi-inverse method [27, 28] :
where T is period of the nonlinear oscillator,
. Assume that its solution can be expressed as Eq. (8). Substituting (8) into (17) Applying the Ritz method, we require:
But using a careful inspection, for most cases we find:
Thus, we modify conditions (19) and (20) into a simple form:
Basic idea of PEM
In order to use PEM, we rewrite the general form of Duffing equation in Eq. (5) in the following form [9] :
where ( , ) N u t is the nonlinear term after expending the solution u ;  as a coefficient of u and  as a coefficient of ( , ) N u t , the series of p introduce as follows:
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Substituting Eqs. (24) - (26) into Eq. (23) and equating terms with the identical powers of p, we have:
 
Considering initial conditions
Substituting u 0 into Eq. (28), we obtain:
Similar to IPM, for achieving the secular term, we use Fourier expansion series as follows: 
For avoiding secular term, we have: (25) and (26), and Substituting 
Applications of analytical solutions for Eq. (2)
To show the applicability, accuracy and effectiveness of proposed methods, they are applied to the first practical case presented in Eqs. (2) . We use the simple form of Eq. (2) to obtain the approximate solutions based on IPM, VA, and PEM. For this sake, we let 
where 
By using Fourier series expansion, we have: 
By integrating Eq. (36), and comparing with Eq. (9), we obtain: 
Thus, we obtain the following frequency and period as same as IPM solution:
  
This equation is same as the Eq. (23) form where α = α 1 and β = 1. According to PEM and Substituting α = α 1 and β = 1 into Eqs. (25)- (26), we have:
Substituting Eqs. (24) and (46)- (47) It is possible to perform the following Fourier series expansion: 
Setting p = 1 in Eqs. (25) and (26), we have: 
Applications of analytical solutions for Eq. (3)
Similar to prior section, in this part, we applied the approximate methods for another practical case presented in Eq. (3). This equation can be put in the following general form: 
Thus, we obtain the following frequency and period same as the IPM solution: (25) and (26), we have: 2 11     ;
From Eqs. (75) and (76), we obtain: 
Results and discussions
As it is apparent in section 4, the periodic solutions of IPM, VA, and PEM for a current-carrying conductor with cubic non-linearity are equal. In order to, substitute   
Similarly, substituting   
6.1. Analytical solutions of current-carrying wire conductor equation
In this section, we compare the analytical approximate periods of Eq. (33) with the exact ones. Considering [25] , the exact solution of Eq. (33) is expressed in appendix A.
  , the exact period T e [25] and approximate periods T IPM , T VA , and T EPM are listed in Table 1 . From Table 1 we can obtain that the presented approximate solutions are excellent for all permitted oscillation amplitudes. 
Analytical solutions of bucking of a column equation
The exact frequency ω e for a dynamic system governed by Eq. (58) is presented in Appendix B. As we know Eq. (58) is similar to a type of Duffing equation. So, the maximum amplitude A of the oscillation satisfies α 2 A 2 = -α 1 ; the Duffing equation has a heteroclinic orbit with period  [26] . Hence, in order to avoid the heteroclinic orbit with period , the value of k 3 in the bucking of a column equation should satisfy the following equation:
To further illustrate and verify the accuracy of the proposed analytical approaches for Eq. (58), the corresponding comparisons of analytical solutions with exact results for specific parameters and initial values consisting m, p, l, k 1 , k 2 and A are tabulated in Table 2 . Of course the accuracy of these methods can be improved upon using higher-order approximate solutions for approximations methods. Hence, it is concluded for providing an excellent agreement with exact solutions for the nonlinear Duffing equation.
Conclusions
In summary, three analytical approximations to the periodic solution of SDOF systems including currentcarrying conductor and bucking of a column are constructed using IPM, PEM, and VA approaches. According to the results (Tables. 1-2, and Figs. 3-10), we can see that the presented approximate results are absolutely equal and differences between analytical and exact solutions are negligible. In other words, the first-order approximate solutions of IPM, EBM, and VA benefit a high accuracy and the percentage error improves significantly from lowerorder to higher-order analytical approximations for different parameters and initial amplitudes. The exact frequency ω e is also a function of A and can be obtained from the period of the oscillation as:   
